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16 COUNTABLE TIGHTNESS AND G-BASES ON FREE TOPOLOGICALGROUPS
FUCAI LIN, ALEX RAVSKY, AND JING ZHANG
Abstract. Given a Tychonoff space X, let F (X) and A(X) be respectively the free topologi-
cal group and the free Abelian topological group over X in the sense of Markov. In this paper,
we consider two topological properties of F (X) or A(X), namely the countable tightness and
G-base. We provide some characterizations of the countable tightness and G-base of F (X)
and A(X) for various special classes of spaces X. Furthermore, we also study the countable
tightness and G-base of some Fn(X) of F (X).
1. Introduction
Let F (X) and A(X) be respectively the free topological group and the free Abelian topological
group over a Tychonoff space X in the sense of Markov [30]. For every n ∈ N, by Fn(X) we
denote the subspace of F (X) that consists of all words of reduced length at most n with respect
to the free basis X . The subspace An(X) is defined similarly. We always use G(X) to denote
F (X) or A(X), and Gn(X) to Fn(X) or An(X) for each n ∈ N. Therefore, any statement about
G(X) applies to F (X) and A(X), and about Gn(X) applies to Fn(X) and An(X).
One of the techniques of studying the topological structure of free topological groups is to
clarify the relations of subspaces X , F (X), A(X), Fn(X) and An(X), where n ∈ N. It is well
known that only when the spaceX is discrete, F (X) and A(X) can be first-countable. Therefore,
the space F (X) is first-countable if and only if X is discrete [20]. Similarly, the groups F (X)
and A(X) are locally compact if and only if the space X is discrete [10]. More generally, P.
Nickolas and M. Tkachenko proved that if one of the groups F (X) or A(X) is almost metrizable,
then the space X is discrete [31]. Further, K. Yamada gave a characterization for a metrizable
space X such that some the spaces Fn(X) and An(X) are first-countable [40].
Recently, Z. Li et al. in [27] proved that for each stratifiable k-space, the group F (X) is of
countable tightness if and only if the space X is separable or discrete. In Section 3, we refine
this result by giving a characterization of a space X such that the countable tightness of the
space F8(X) implies the countable tightness of the group F (X). Furthermore, since each space
with the countable fan-tightness or the strong Pytkeev property is of countable tightness, we
also discuss the topological properties of the countable fan-tightness and the strong Pytkeev
property of free topological group F (X) or some Fn(X).
Ferrando et al. in [12] introduced the concept of G-base in the frame of locally convex
spaces. Now the concept of G-base plays an important role in the study of function spaces, see
[7, 9, 15, 16, 17, 18, 19, 26]. From [16], we know that the strong Pytkeev property for general
topological groups is closely related to the notion of a G-base. For instance, each topological
group which is a k-space with a G-base has the strong Pytkeev property. In Section 4, we shall
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continuously discuss the properties of free topological groups with a G-base, which are motivated
by the following interesting Questions 1.1 and 1.2.
Question 1.1. [15, Question 4.17] Let X be a submetrizable kω-space. Does the group F (X)
have a G-base?
Question 1.2. [15, Question 4.15] For which X the groups A(X) and F (X) have a G-base?
Recently, S.S. Gabriyelyan and J. Ka¸kol in the paper [17] and A.G. Leiderman, V.G. Pestov
, A.H. Tomita in the paper [26] have given an answer to Questions 1.1 and 1.2 respectively.
2. Notations and Terminology
In this section, we introduce the necessary notations and terminology. Throughout this paper,
all topological spaces are assumed to be Tychonoff, unless otherwise is explicitly stated. For
undefined notations and terminology, refer to [3], [11] and [21]. First of all, let N and Q denote
the sets of positive integers and rational numbers, respectively.
Let X be a topological space and A ⊆ X . The closure of a subspace A of X is denoted by
A. The subspace A is called bounded if every continuous real-valued function f defined on the
subspace A is bounded. If the closure of every bounded set in X is compact, then the space X is
called µ-complete. The space X is called a cf -space if every compact subset of it is finite. The
space X is called a k-space provided that a subset C ⊆ X is closed in X if and only if C ∩K
is closed in K for each compact subset K of the space X . In particular, the space X is called
a kω-space if there exists a family of countably many compact subsets {Kn : n ∈ N} of X such
that each subset F of the space X is closed in X if and only if F ∩Kn is closed in Kn for each
n ∈ N. A subset A of the space X is sequentially open if each sequence {xn}n∈N in X converging
to a point of A is eventually in A. The space X is called sequential if every sequentially open
subset of X is open. A space X is of countable tightness if whenever A ⊂ X and x ∈ A, there
exists a countable set B ⊂ A such that x ∈ B. A space X is of countable fan-tightness [1] if
for any countable family {An : n ∈ N} of subsets of X satisfying x ∈
⋂
n∈NAn, it is possible to
select a finite set Kn ⊂ An for each n ∈ N, in such a way that x ∈
⋃
n∈NKn. A sequence {xn},
convergent to a point x of X , is called non-trivial, provided all points xn and x are mutually
distinct.
Let P be a family of subsets of a space X . The family P is called a network at a point
x ∈ X if for each open neighborhood U of x in X there exists an element P ∈ P such that
x ∈ P ⊂ U . The family P is called a cs-network [24] at a point x ∈ X if whenever a sequence
{xn : n ∈ N} converges to the point x and U is an arbitrary open neighborhood of the point x
in X there exist a number m ∈ N and an element P ∈ P such that
{x} ∪ {xn : n > m} ⊆ P ⊆ U.
The space X is called csf-countable if X has a countable cs-network at each point x ∈ X . We
call the family P a cs∗-network at a point x ∈ X [29] of X if whenever a sequence {xn : n ∈ N}
converges to the point x and U is an arbitrary open neighborhood of the point x in X , there are
an element P ∈ P and a subsequence {xni : i ∈ N} of {xn : n ∈ N} such that {x} ∪ {xni : i ∈
N} ⊆ P ⊆ U . Furthermore, the family P is called a k-network [32] if whenever K is a compact
subset of X and U ⊂ X is an arbitrary open set containing K then there is a finite subfamily
P ′ ⊆ P such that K ⊆
⋃
P ′ ⊆ U . Recall that a regular space X is ℵ0 if X has a countable
k-network. The family P is called a Pytkeev network [33] at a point x ∈ X if P is a network at
x and for every open set U in X and a set A accumulating at x there exists P ∈ P such that
P ⊂ U and P ∩A is infinite; the family P is a Pytkeev network in X if P is a Pytkeev network
at each point x ∈ X . The space X is said to have the strong Pytkeev property [37] if at each
point of X there is a countable Pytkeev network. The space X is called P0 if X is regular and
has a countable Pytkeev network.
The following implications follow directly from definitions. However, none of them can be
reversed. By [19, Proposition 4.1], we see that a space is first-countable if and only if it has the
strong Pytkeev property and is of countable fan-tightness.
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✲
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countable tightness
kω-space
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✻
❄
strong Pytkeev property P0-space✛
✻
ℵ0-space✛countable cs∗-character
✻
csf -countable
✲✛
Definition 2.1. [21] A topological space X is a stratifiable space if X is T1 and, to each open
U in X , on can assign a sequence {Un}∞n=1 of open subsets of X such that
(a) Un ⊂ U ;
(b)
⋃∞
n=1 Un = U ;
(c) Un ⊂ Vn whenever U ⊂ V .
Note: Clearly, each metrizable space is stratifiable [21].
We consider the product NN with the natural partial order, i.e., α ≤ β if αi ≤ βi for each
i ∈ N, where α = (αi)i∈N and β = (βi)i∈N. A topological space (X, τ) has a small base [18] if
there exist a subset M of NN and a family of open subsets U = {Uα : α ∈ M} in X such that
U is a base for X and Uβ ⊂ Uα for all α, β ∈ M with α ≤ β. In particular, we say that (X, τ)
has a G-base [12] if M = NN. If a space has a G-base, then it has a countable cs∗-character, see
Proposition 4.7.
Given a group G, the letter eG denotes the neutral element of G. If no confusion occurs, we
simply use e instead of eG to denote the neutral element of G.
Let X be a non-empty Tychonoff space. Throughout this paper, X−1 := {x−1 : x ∈ X}
and −X := {−x : x ∈ X}, which are copies of X . Let e be the neutral element of F (X) (i.e.,
the empty word) and 0 be that of A(X). For every n ∈ N and an element (x1, x2, · · · , xn)
of (X
⊕
X−1
⊕
{e})n we call a word g = x1x2 · · ·xn a form. In the Abelian case, a word
x1 + x2 · · · + xn is also called a form for (x1, x2, · · · , xn) ∈ (X
⊕
−X
⊕
{0})n. This word g is
called reduced if it does not contains e or any pair of consecutive symbols of the form xx−1 or
x−1x. It follows that if the word g is reduced and non-empty, then it is different from the neutral
element e of F (X). In particular, each element g ∈ F (X) distinct from the neutral element
can be uniquely written in the form g = xr11 x
r2
2 · · ·x
rn
n , where n ≥ 1, ri ∈ Z \ {0}, xi ∈ X ,
and xi 6= xi+1 for each i = 1, · · · , n − 1, and the support of g = x
r1
1 x
r2
2 · · ·x
rn
n is defined as
supp(g) := {x1, · · · , xn}. Given a subset K of F (X), we put supp(K) =
⋃
g∈K supp(g). Similar
assertions (with the obvious changes for commutativity) are valid for A(X). For every n ∈ N, let
in : (X
⊕
X−1
⊕
{e})n → Fn(X) be the natural mapping defined by in(x1, x2, ...xn) = x1x2...xn
for each (x1, x2, ...xn) ∈ (X
⊕
X−1
⊕
{e})n. We also use the same symbol in the Abelian case,
that is, it means the natural mapping from (X
⊕
(−X)
⊕
{0})n onto An(X). Clearly, each in
is a continuous mapping.
3. The characterization of countable tightness in free topological groups
In this section, we mainly discuss the countable tightness and countable fan-tightness of free
topological groups. First, we give a characterization of a stratifiable k-space X such that F8(X)
has countable tightness (or, equivalently, F (X) has countable tightness). Then we show that a
space X must belong to some special class of spaces if F4(X) is of countable fan-tightness.
The following theorem generalizes a result in [27].
Theorem 3.1. Let X be a stratifiable k-space. Then the following are equivalent:
(1) F8(X) is of countable tightness;
(2) F (X) is of countable tightness;
(3) The space X is separable or discrete.
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Proof. Since the equivalence (2) ⇔ (3) was proved in [27], it suffices to show that (1) ⇒ (3).
Assume that X is neither separable nor discrete. Since each stratifiable space has Gδ-
diagonal, by Sˇneˇıder Theorem [35], each compact subspace of X is metrizable. Thus X is
sequential. Since the spaceX is non-discrete, it contains a non-isolated point x ∈ X . This means
that the set {x} is not sequentially open, that is, there exists a non-trivial convergent sequence.
Hence take an arbitrary a non-trivial convergent sequence C := {xn : n ∈ N} ⊂ X with a limit
point x. Moreover, assume that the space X contains no uncountable closed discrete subset.
This means that the extend of the space X is countable. But, by [25], each stratifiable space
is a σ-space, and a σ-space of countable extent is cosmic (that is, has countable network), and,
therefore, separable. Obtained contradiction shows that there exists an uncountable discrete
closed subset D := {dα : α ∈ ω1} of X . Without loss of generality, we may assume that
C ∩D = ∅.
For each α ∈ ω1 let fα : ω1 → ω be a function such that fα ↾α: α→ ω is a bijection. For any
distinct α, β ∈ ω1, put
Eα,β := {dβxmx
−1d−1β dαxfα(β)x
−1d−1α : m ≤ fα(β)}.
Then put
E :=
⋃
α,β∈ω1,α6=β
Eα,β .
Clearly, e 6∈ E, and e ∈ E by the proof of [41, Proposition 2.2]. In order to obtain a contradiction,
it suffices to show that each countable infinite subset B ⊂ E is closed in F (X). Let Y :=
supp(B). The set Y contains the point x, so Y ⊂ C ∪ D ∪ {x}, which implies that F (Y ) is a
k-space by [4, Theorem 3.7]. Since X is a stratifiable space and Y is closed in X , it follows from
[34] that the subgroup F (Y,X) of F (X) generated by Y is naturally topologically isomorphic
to F (Y ). Then F (Y ) is a closed k-subspace in F (C
⊕
D). Furthermore, we claim that for each
compact subset K of F8(Y ), the set K ∩ B is finite. Assume on the contrary that there is a
compact subset K in F8(Y ) such that K ∩ B is infinite. Clearly, the set K ∩ B is a bounded
subset in F8(Y ), hence the subspace supp(K∩B) is bounded in Y by [4, Theorem 1.5]. Since the
space Y is paracompact, supp(K ∩B) is compact in Y . However, the set supp(K ∩B) contains
infinite many elements d′αs since B is infinite, which is a contradiction with the compactness
of the subspace supp(K ∩B). Therefore, the subset B is closed in F8(Y ), that is, the subset
B is closed in F (X). Hence F8(X) is not of countable tightness since e ∈ E, which is a
contradiction. 
Obviously, we have the following corollary.
Corollary 3.2. Let X be a stratifiable k-space. If F8(X) has the strong Pytkeev property, then
X is separable or discrete.
Remark 3.3. Let X := D
⊕
K, where D is an uncountable discrete space and K is an infinite
compact metric space. Then F3(X) is first-countable by Theorem 4.5 in [40], hence it is of
countable tightness. However, the space X is not separable and discrete. We do not know
whether F4(X) is of countable tightness. Therefore, we have the following Question 3.4.
Question 3.4. Let X := C
⊕
D, where C is a non-trivial convergent sequence with its limit
point and D is an uncountable discrete space. For each n ∈ {4, 5, 6, 7}, does Fn(X) have the
countable tightness?
Furthermore, we also do not know the answer to the following question.
Question 3.5. Let X be a space. If F2(X) is of countable tightness, does F3(X) have the
countable tightness?
It is natural to ask whether Theorem 3.1 holds in the class of free Abelian topological groups.
Next we shall give a partial answer to this question.
Theorem 3.6. Let X be a stratifiable k-space. If A4(X) is of countable tightness, then the set
of all non-isolated points of X is a separable subspace in X.
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Proof. Assume on the contrary that the set of all non-isolated points of X is not separable.
Then the set of all non-isolated points of X is not an ℵ1-compact space since X is a stratifiable
space [21]. Therefore, there exists an uncountable closed discrete subset D := {dα : α < ω1} in
X , where each dα is a non-isolated point in X . Moreover, since X is a stratifiable k-space, it is
paracompact (and, hence, collectionwise normal by [11, Th.5.1.17]) and sequential. Hence there
exists a family of mutually disjoint open subsets {Uα : α < ω1} of X such that dα ∈ Uα for each
α < ω1. Moreover, for each α < ω1 we can take a non-trivial sequence {dα(n) : n ∈ N} ⊂ Uα
convergent to a point dα. Let C(ω1) :=
⊕
α<ω1
({dα(n) : n ∈ N} ∪ {dα}). Since X is stratifiable
and C(ω1) is closed in X , it follows from [34] that the subgroup A(C(ω1), X) of A(X) generated
by C(ω1) is naturally topologically isomorphic to the free Abelian topological group A(C(ω1)).
Then A4(C(ω1)) is topologically isomorphic to A(C(ω1), X) ∩ A4(X), which implies that the
tightness of A4(C(ω1)) is countable. However, it follows from [39, Theorem 3.2] and [23] that
the tightness of A4(C(ω1)) is uncountable, which is a contradiction. 
However, the converse of Theorem 3.6 does not hold, see [39, Theorem 3.2].
Moreover, the proof of the following result is similar to [41, Proposition 2.2], and thus, the
proof is omitted in this paper.
Theorem 3.7. For a stratifiable space X, if F8(X) is a k-space, then X is separable or discrete.
Next, we shall discuss the countable fan-tightness in free topological groups. In contrast
to Theorem 3.1, we shall find that the situation changes dramatically for the countable fan-
tightness in free topological groups. First, we shall give a characterization of a space X such
that G(X) has the countable fan-tightness.
Theorem 3.8. Let X be a space. Then G(X) has the countable fan-tightness if and only if the
space X is discrete.
Proof. We only consider F (X), as the proof of the case of A(X) is quite similar. Since the
sufficiency is obvious, we shall prove only the necessity. In order to obtain a contradiction,
assume the converse. Suppose that F (X) has a countable fan-tightness but the space X is not
discrete. Clearly, e ∈
⋂
n∈N (
⋃
i≥n(Fi(X)) \ Fi−1(X))). However, if for each natural n we take an
arbitrary finite subset Dn ⊂
⋃
i≥n(Fi(X))\Fi−1(X))), then an intersection (
⋃
n∈NDn)∩Fm(X)
will be finite for each natural m. Therefore
⋃
n∈NDn is closed and discrete in F (X) by [3,
Corollary 7.4.3]. Thus e 6∈
⋃
n∈NDn, a contradiction. 
It turns out that the countable fan-tightness of F4(X) imposes strong restrictions on the space
X . Recall that a subspace Y of a space X is said to be P-embedded in X if each continuous
pseudometric on Y admits a continuous extensions over X .
Theorem 3.9. Let X be a space. If F4(X) has the countable fan-tightness, then X is either
pseudocompact or a cf -space.
Proof. Suppose X is not a cf -space. Then there exists an infinite compact subset C in X . Next
we shall show that X is pseudocompact.
Assume the converse. Then there exists a discrete family {Un : n ∈ N} of non-empty open
subsets of the space X . It can be easily verified that the family {Un : n ∈ N} is also discrete,
hence
⋃
n∈N Un is closed in X . Since the set C is compact, it can intersect at most finitely many
Un’s. Thus without loss of generality, we may assume that C ∩
⋃
n∈N Un = ∅. Then the family
{C} ∪ {Un : n ∈ N} is discrete in X .
Since C is an infinite compact set, it contains a non-isolated point x. For each n ∈ N, pick
yn ∈ Un, and put Cn := y−1n x
−1Cyn. Let
Y := C ∪ {yn : n ∈ N}, and Z :=
⋃
n∈N
Cn.
Obviously, the set Y is closed, σ-compact and non-discrete in X . Moreover, Y is P -embedded
in X by [36]. By [34], the subgroup F (Y,X) of F (X) generated by Y is naturally topologically
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isomorphic to F (Y ). Moreover, since Y is a kω-space, it follows from [3, Theorem 7.4.1] that
F (Y ) is also a kω-space. Hence F4(Y ) is also a kω-space. Next, we claim that Z is closed in
F4(Y ).
Indeed, for each n ∈ N, let
Kn := C ∪ C
−1 ∪ {yi, y
−1
i : i ≤ n} ∪ {e}
and
Xn :=
n︷ ︸︸ ︷
Kn · . . . ·Kn .
Then it follows from the proof of [3, Theorem 7.4.1] that the topology of F (Y ) is determined by
the family of compact subsets {Xn : n ∈ N}, hence the topology of F4(Y ) is determined by the
family {Xn ∩ F4(Y ) : n ∈ N}. Therefore, we have Z ∩ Xn ∩ F4(Y ) =
⋃n
i=1 Ci for each n ∈ N,
which shows that Z is closed in F4(Y ). Therefore, Z has the countable fan-tightness. Moreover,
it is easy to see that e ∈ Cn \ {e} for each n ∈ N, that is, e ∈
⋂
n∈N Cn \ {e}. Now, if for each
natural n, Fn ⊂ Cn \ {e} is a finite subset, then e 6∈
⋃
n∈N Fn =
⋃
n∈N Fn, because the topology
of Z is determined by the family {Cn : n ∈ N}, a contradiction.

Corollary 3.10. Let X be a µ- and k-space. If F4(X) has the countable fan-tightness, then X
is either compact or discrete.
Remark 3.11. By Theorems 3.1 and 3.9, it is easy to see that F (C
⊕
D) has the countable
tightness and F4(C
⊕
D) does not have the countable fan-tightness, where C is a non-trivial
convergent sequence with its limit point and D is a countable infinite discrete space. However,
F3(C
⊕
D) has the countable fan-tightness by Remark 3.3. Therefore, we can not replace
“F4(X)” with “F3(X)” in Theorem 3.9. Furthermore, F (C
⊕
D) is a P0-space since F (C
⊕
D)
is an k-space with a countable k-network.
Finally, we shall discuss the strong Pytkeev property in free topological groups. It is well
known that if a space has the strong Pytkeev property then it is of countable tightness and is
csf -countable. In [6], the authors showed that a space is first-countable if and only if it has the
strong Pytkeev property and countable fan-tightness. Therefore, it is interesting to discuss the
strong Pytkeev property on free topological groups. First, we shall give a theorem which has
just been proved in [28].
Recall that a space X is said to be Lasˇnev if it is the closed image of some metric space.
Theorem 3.12. [28] Let X be a non-discrete Lasˇnev space. Then F4(X) is of csf -countable if
and only if F (X) is an ℵ0-space.
Theorem 3.13. Let X be a non-discrete Lasˇnev space. Then F (X) has the strong Pytkeev
property if and only if F (X) is a P0-space.
Proof. Obviously, it suffices to show the necessity. Suppose that F (X) has the strong Pytkeev
property. By Theorem 3.12, the group F (X) is an ℵ0-space, hence F (X) is separable. It follows
from [17, Theorem 1.7] that F (X) is a P0-space. 
We do not know whether an ℵ0-space with the the strong Pytkeev property is a P0-space. If
this answer is positive, then we can replace “F (X) has the strong Pytkeev property” by “F4(X)
has the strong Pytkeev property” in Theorem 3.13.
In [5], T. Banakh posed the following problem.
Problem 3.14. [5] Let X be a (sequential) P0-space. Is the free topological group over X a
P0-space?
But we even do not know an answer to the following question.
Question 3.15. Let X be the rational number subspace Q with the usual topology. Is the free
topological group over X a P0-space?
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However, we have the following result.
Theorem 3.16. Let X be a P0-space. Then F (X) is the union of countably many P0-subspaces.
Proof. For each n ∈ N, it follows from [5, Corollary 3.12] that (X
⊕
X−1
⊕
{e})n is a P0-space.
For each n ∈ N, since the mapping
in ↾i−1
k
(Fn(X)\Fn−1(X))
: i−1n (Fn(X) \ Fn−1(X))→ Fn(X) \ Fn−1(X)
is a homeomorphism, it follows from [5, Corollary 3.12] that i−1n (Fn(X) \ Fn−1(X)) is a P0-
subspace in (X
⊕
X−1
⊕
{e})n, hence Fn(X) \ Fn−1(X) is a P0-subspace in F (X). Since
F (X) =
⋃
n∈N(Fn(X) \Fn−1(X)), F (X) is the union of disjoint countably many P0-subspaces.

For closing this section, we discuss the strong Pytkeev property in topological spaces. It
is well known that in the class of regular countably compact spaces the property of countable
tightness is equivalent to the countable fan-tightness [2, Corollary 2]. Moreover, each compact
sequential non-first-countable space is of countable tightness, hence it does not have the strong
Pytkeev property. Hence in the class of regular countably compact spaces the property of
countable tightness is not equivalent to the strong Pytkeev property. Moreover, it is well known
that there exists a countably compact non-metrizable space with a point-countable k-network.
It is natural to ask whether in the class of regular countably compact spaces the existence of
a point-countable k-network implies the existence of a point-countable Pytkeev network. The
answer is also negative, see Example 3.17.
Example 3.17. There exists an infinite countably compact spaceX which satisfies the following
conditions:
(1) The space X contains no infinite compact subset;
(2) The space X has a point-countable k-network;
(3) The space X does not have the strong Pytkeev property.
Proof. By [14], there exists an infinite, countably compact subspace X of βN, the Stone-Cech
compactification of the of the space of natural numbers endowed with discrete topology, such
that N ⊂ X and every compact subset of the space X is finite. Therefore, the space X has a
point-countable k-network. However, the space X does not have the strong Pytkeev property,
see [5]. 
From the opposite side, recently, Z. Cai and S. Lin has proved that each sequentially com-
pact space with a point-countable k-network is metrizable [8]. Remark, that the proof of [6,
Proposition 1.4], implies that the space X has a point-countable k-network provided it has a
point-countable Pytkeev network. So the next theorem is a counterpart of this result.
Theorem 3.18. Let X be a Hausdorff countably compact space with a point-countable Pytkeev
network. Then the space X is a metrizable compact space.
Proof. Let N be a point-countable Pytkeev network on the space X . We first show the following
claim.
Claim: For each countably compact subsetK ofX and arbitrary open subset U withK ⊂ U ,
there exists a finite subfamily F such that K ⊂
⋃
F ⊂ U .
Suppose not. For each x ∈ K, let {N ∈ N : x ∈ N} = {Nn(x) : n ∈ ω}. Inductively choose
xn ∈ K such that xn 6∈ Nj(xi) for i, j < n. Put A := {xn : n ∈ ω}. Since K is countably
compact and A ⊂ K, the set A has a cluster point x⋆ in K. By the definition of Pytkeev
network, it follows that there exists some N ∈ N such that N contains infinitely many xn’s.
Therefore, we have N = Nj(xi) for some i and j, and there exists n > i, j such that xn ∈ Nj(xi),
contradicting the way the xn’s were chosen.
By Claim and [22, Theorem 4.1], the space X is metrizable (and thus compact). 
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4. Free topological groups with a G-base
In this section, we shall discuss the properties of free topological groups with a G-base,
which are motivated by Questions 1.1 and 1.2. First, we recall a lemma. Then we shall give
a characterization of free topological groups which are k-spaces having a G-base. Let TGG be
the class of all topological groups having a G-base.
Lemma 4.1. [15] Let G ∈ TGG. Then the following are equivalent:
(1) The group G is a k-space;
(2) The group G is a sequential space;
(3) The group G is metrizable or contains a submetrizable open kω-subgroup.
By Lemma 4.1, we know that the k-property and sequentiality are equivalent in the class
of all topological groups having a G-base. In [15], the authors also said that “It would be
interesting to know whether the k-property and sequentiality are equivalent for the class of all
topological groups having countable cs∗-character”. Indeed, the answer is negative, see the
following example.
Example 4.2. There exists a topological group G such that it is a k-space with a countable
cs∗-character. However, G is not sequential.
Proof. Let X be the Stone-Cˇech compactification βD of any infinite discrete space D. Let
G := F (X) or G := A(X). Obviously, the group G is a k-space by [3, Theorem 7.4.1]. It
follows from a result of [28] that G is of countable cs∗-character. However, it is well known
that βD is not a sequential space. Since βD is closed in G, the free topological group G is not
sequential. 
However, the topological group G in the proof of Example 4.2 does not have the strong
Pytkeev property by Example 3.17, hence it is natural to pose the following question.
Question 4.3. Let a topological group G be a k-space. If G has the strong Pytkeev property, is
it sequential?
In [17], the authors gave an affirmative answer to Question 1.1. The following theorem
complements it.
Theorem 4.4. Let X be a space. Then F (X) is a k-space with a G-base if and only if either
X is discrete or X is a submetrizable kω-space.
Proof. The sufficiency was proved in [17]. It suffices to show the necessity.
Let F (X) be a k-space with a G-base. Then it follows from Lemma 4.1 that F (X) is
metrizable or contains a submetrizable open kω-subgroup. If F (X) is metrizable, then it is
well known that X is discrete. Hence we may assume that F (X) is non-metrizable, and then
F (X) contains a submetrizable open kω-subgroup. Then F (X) =
⊕
α∈ΓGα, where each Gα is a
submetrizable open kω-subset in F (X). Since each Gα has a countable k-network, it follows that
F (X) has a σ-compact finite k-network. Moreover, it is obvious that F (X) is locally Lindelo¨f. It
is well known that a locally Lindelo¨f topological group is paracompact [3, Problem 3.2.A], then
X is paracompact since X is closed in F (X). Thus X is a paracompact space with a σ-compact
finite k-network. Since F (X) is a non-metrizable k-space, it follows from [27, Theorem 4.14]
that X has a countable k-network, hence X is Lindelo¨f and submetrizable. Therefore, it is easy
to see that X is a submetrizable kω-space. 
Remark 4.5. However, there exists a spaceX such that A(X) is a k-space with a G-base and X
is not a Lindelo¨f-space. Indeed, let X := C
⊕
D, where C is a non-trivial convergent sequence
with its limit point and D is an uncountable discrete space D. Then A(X) ∼= A(C) × A(D),
thus A(X) is a k-space. Since both A(X) and A(D) have G-bases, it follows from [15] that
A(S) × A(D) has a G-base. However, it is obvious that X is not Lindelo¨f, hence it is not a
kω-space.
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By Remark 4.5, we see that we can not replace “F (X)” by “A(X)” in Theorem 4.4. However,
we have the following theorem when we add some additional assumption on the space X .
Theorem 4.6. Let X be a separable space. Then A(X) is a k-space with a G-base if and only
if X is either countable discrete or a submetrizable kω-space.
Proof. We adapt the proof of Theorem 4.4 for the group A(X) instead of F (X). It suffices to
show that X is a submetrizable kω-space if A(X) is a non-metrizable k-space with a G-base.
Since X is separable, A(X) is separable. Similarly to the proof of Theorem 4.4, we see that the
index set Γ in Theorem 4.4 is countable. Therefore, A(X) has a countable k-network, and then
X is a submetrizable kω-space. 
Next we consider the topological properties of X such that the free topological group over
X has a G-base.
By the proof of [15, Theorem 3.12], we can easily obtain the following proposition.
Proposition 4.7. If a space X has a G-base at point x ∈ X, then X is of countable cs∗-
character at x.
Therefore, we have the following proposition.
Proposition 4.8. Let X be a space. If each Gn(X) has a G-base at point e, then G(X) is
csf -countable.
Proof. It suffices to note that for each compact subset K in G(X) there exists an n ∈ N such
that K ⊂ Gn(X), see [3, Corollary 7.4.4]. 
An answer to the following question is still unknown for us.
Question 4.9. Let X be a space. If each Gn(X) has a G-base at e, does G(X) have a G-base?
Theorem 4.10. Let X be a collectionwise normal space containing a non-trivial convergent
sequence. If F (X) has a G-base, then X is ℵ1-compact.
Proof. Suppose that X is not ℵ1-compact. Hence there exists an uncountable closed discrete
subset D in X . Moreover, by the assumption, there exists a non-trivial convergent sequence
S with its limit point in X . Without loss of generality, we may assume that S ∩ D = ∅. Let
Y = S ∪ D. Since X is collectionwise normal, the subspace Y is a retract of X , and then Y
is P -embedded in X [3, Exercises 7.7.a]. By [34], the subgroup F (Y,X) of F (X) generated by
Y is naturally topologically isomorphic to F (Y ). However, F (Y ) is not of csf -countable by
a result in [28], thus F (Y ) is not cs∗-countable. Then F (X) is not cs∗-countable. However,
since F (X) has a G-base, it follows from Proposition 4.7 that F (X) is cs∗-countable, which is
a contradiction. 
Corollary 4.11. Let X be a stratifiable k-space. If F (X) has a G-base, then X is either discrete
or separable.
Proof. Assume thatX is not discrete. Since a stratifiable k-space is paracompact and sequential,
X is ℵ1-compact by Theorem 4.10. By [25], each stratifiable space is a σ-space, and each ℵ1-
compact σ-space is cosmic, and, therefore, separable. 
Recently, A.G. Leiderman, V.G. Pestov and A.H. Tomita in [26] showed the following two
results:
Theorem 4.12. [26] The free Abelian topological group A(X) on a uniform space X has a
G-base if and only if X has a G-base.
Corollary 4.13. [26] Let X be a metrizable space and the set of all non-isolated points of X is
a σ-compact subset of X. Then A(X) has a G-base.
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For a metrizable spaceX , it follows from [4] that A(X) is a k-space if and only if X is a locally
compact space and the set of all non-isolated points of X is separable. From Corollary 4.13, it
is easy to see that there exists a space Y which is not a k-space such that A(Y ) has a G-base.
However, the situation changes much for (non-Abelian) free topological groups. Let X =
C
⊕
D, where C is a non-trivial convergent sequence with the limit point and D is a closed
discrete space of cardinality ℵ1. From [28], F4(X) is not csf -countable, hence F4(X) does not
have a G-base. In particular, we see that F (X) does not have a G-base. However, we have the
following Theorem 4.15.
By a similar proof of [15, Proposition 2.7], we can obtain the following proposition.
Proposition 4.14. Suppose that, for each n ∈ N, Xn is a space with a G-base. Then the
countable product
∏
n∈NXn has a G-base.
Given a uniformizable spaceX there is a finest uniformity onX compatible with the topology
of X called the fine uniformity or universal uniformity. A Tychonoff space X is said to have a
uniform G-base if there exists a uniform structure U on X , which induces the topology of X ,
such that U has a G-base. In particular, if U is the universal uniformity on X with a uniform
G-base, then we say that X has an universally uniform G-base.
Theorem 4.15. Let X have an universally uniform G-base. Then F2(X) has a G-base at each
point.
Proof. Since X has an universally uniform G-base, it is easy to see X has a local G-base at
each point. By Proposition 4.14, we see that (X
⊕
X−1
⊕
{e})2 has a local G-base at each
point. Then F2(X) has a local G-base at each point x ∈ X ∪ X−1 since X ∪ X−1 is open
and closed in F2(X). It is well known that F2(X) \ F1(X) is homeomorphic to a subspace of
(X
⊕
X−1
⊕
{e})2, and then F2(X) has a local G-base at each point x ∈ F2(X) \ F1(X) since
F2(X) \ F1(X) is open in F2(X). It suffices to show that F2(X) has a G-base at e.
Suppose that U is the universally uniformity on X . Then one can take a basis B = {Uα :
α ∈ NN} for U such that for any α and β in NN with α ≤ β, we have Uβ ⊂ Uα.
For each α ∈ NN, let Wα = {xεy−ε : (x, y) ∈ Uα, ε = ±1}. Then the family {Wα : α ∈ NN}
is a base at e in F2(X) by [40]. Obviously, {Wα : α ∈ NN} satisfies that for any α and β in NN
with α ≤ β, Wβ ⊂Wα. Therefore, {Wα : α ∈ NN} is a local G-base at e. 
However, the following question is still unknown for us.
Question 4.16. Let X be a space. If F2(X) has a G-base, does F3(X) have a G-base?
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